There are several diseases which can be characterized by the patient being in one of a finite number of states; e.g. relapse, remissive, toxic, etc. These states may be both transient and absorbing. Other authors have proposed similar models to describe data dealing with time dependent phenomena which have assumed that the distribution spent within any state is exponential. These models are all Markovian. In this paper we develop non-Markovian models which allow arbitrary distributions within a state. The model is applied to clinical trials of patients with acute leukemia who are undergoing experimental therapy. The agreement of the model and the data is very good.
Introduction
There are several diseases in which possibly recurrent phases may be distinguished. Different Investigators have proposed Markovian models to describe data dealing with the time dependent phenomena associated with these diseases. We mention in particular the work of Fix and Neyman on cancer, [1],0 the work of Marshall and of Goidhamer on. the epidemiology of mental disease, [ 2] , and the work of Adling on tuberculosis, [ 3] . All of these assume that the distribution of time spent in an occurrence of a particular phase is negative exponential. In the following paper we present a semi-Markov model for data analysis, in which it is possible to consider any distribution for stay in a given phase. the theory has been applied to data on victims of both acute myelocitic and acute l1 mphocytlc leukemia who have received experimental drug therapy, In our application we have found that gamma distributions give a convenient representation of the relevant probability densities. Hence any Markov theory will not be sufficient for the study of the statistics relating to leukemia. %e fool an t~t 0Md apaes*1 5aeso maN. AMU" 3 Mest~ce beeeiwk Ow~er "IV*& P ij = probability of passing from state i to j, conditional upon leaving i (by convention we set Pii = 0 for ia T).
It will be convenient to define the vector and matrix analogues of the above quantities. For this purpose we let
= (6ijq 1 (t)) where 6 1 is the Kronecker delta
As a further convention we denote the Laplace transform of any time dependent function by the same function with argument s and an asterisk; i.e. w, (s) f f{w(t))dt,
S(s) f {w(t)} dt
Using familiar arguments in the theory of semi-Markov processes (4]', one can obtain the following equations for X (s) and s)
which yield the solutions For the purpose of writing the moments associated with G(t) ,
.
S 0O+
Note that T is the expected number of times state I is visited.
Then the mean and variance of the time to reach absorption are
T 0
Relatively simple recursive relations can be derived for the higher moments.
In addition to the results given so far, it is possible to develop a theory in which the p. d. f. qI(t) is replaced by q j(t), ti.e., in which the time spent in any state depends either on the succeeding or the following state. However, the results do not have the simplicity of those of Equations we will illustrate the application of our model to a portion of these data. A more complete discussion of the data will be given in another publication.
All patients entered these clinical trials while in a state of relapse.
The data examined in this paper were for patients who were initially given Methottexate (MTX). The patients either never responded and expi*d, or eventually reached a remissive state. A distinction was made between a partial and complete remission. If the patients did not show remission within the first 6 weeks, the MTX therapy was stopped, a period of two weeks was allowed to elapse, at the conclusion of which the surviving patients who were still in a state of rplapse were given 6-mercaj~opur'ne (6-MY). Further, if a patient who was in remission entered a relapsed state, the therapy was changed to the lternate dru (MU or 6.1RU).
In this paper we will apply the model to date from 26 patients who achieved a state of remission within 8 weeks of entering these clinical trials. In our "application we will be mainly interested In the distribution of the time to 
The parameters (a, X) were estimated from the data by the method of maximum likelihood with the aid of the convenient tables of Wllk, Gnanadesikan, and Huyett [6] . Table 1 summarixze the results of these calculations. It remains to obtain estimates of the transition probabilities , Since the data are summarized in units of a week, this distribution (conditional on a patient reaching a remissive state) was assumed to be a discrete distribution where pn denotes the probability of entering a remissive state after n weeks in the Initial relapse state.
#385
The observed relative frequencies were taken as the estimates for Pn We now turn our attention to estimating the distribution of the time to reach the failure state. The probability density function for those patients #385 reaching a remissive state can be calculated using (6 (The notation p1 * 2 denotes the convolution of PI(t) and p 2 (t) , where el(t) denotes the frequency function of the initial relapse state. )
Note that g 0 ( t) is made up of a mixture of distributions which involve convolutions of gamma distributions. For our purposes, the approximation of convolutions of gamma distributions by a gamma distribution with the same first two moments was deemed a sufficient approximation. Figure 2 contains t a plot of G 0 (t) = f g 0 (x)dx along with the sample data. The agreement 0 is remarkable.
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